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• Attempt Questions 1–10
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• Attempt Questions 11–14

• Allow about 1 hour and 45 minutes for this section
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Section I

10 marks
Attempt Questions 1–10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1–10.

1 The value of
tan−1

(
tan

5𝜋
6

)
is

A. −𝜋

6
B.

𝜋

6
C.

5𝜋
6

D. −5𝜋
6

2 The polynomial
𝑃(𝑥) = 𝑥4 − 2𝑥3 + 𝑎𝑥2 + 𝑏𝑥 + 12

is divisible by (𝑥 − 2) (𝑥 + 1). What is the value of 𝑏?

A. −8

B. −2

C. 2

D. 8
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3 Let
𝑓 (𝑥) =

√
𝑥 − 1 and 𝑔(𝑥) = 1

𝑥 − 2
.

What is the domain of the composite function 𝑓 ◦ 𝑔?

A. (−∞, 2)

B. (2, 3]

C. [3,∞)

D. (−∞, 2) ∪ [3,∞)

4 What is the coefficient of 𝑥5 in the expansion of

(1 + 2𝑥)6(1 − 𝑥)4 ?

A. −72

B. −36

C. 36

D. 72
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5 Let a = (3, 1) and b = (1, 2). The magnitude of a + 𝜆b is minimised when

A. 𝜆 = −2

B. 𝜆 = −1

C. 𝜆 = 1

D. 𝜆 = 2

6 A random variable 𝑋 has distribution Bin(𝑛, 𝑝), where

E(𝑋) = 6 and Var(𝑋) = 9
2
.

What is the value of 𝑛?

A. 8

B. 12

C. 18

D. 24
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7 How many solutions does
cos 2𝑥 = sin 𝑥

have for 0 ≤ 𝑥 ≤ 2𝜋?

A. 2

B. 3

C. 4

D. 5

8 The value of ∫ 1

0

1
(1 + 𝑥)

√
𝑥
𝑑𝑥

is

A.
𝜋

4
B.

𝜋

2
C. ln 2

D. 2 ln 2
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9 Newton’s method is applied to 𝑓 (𝑥) = 𝑥3 − 𝑥 − 1 with first approximation 𝑥1 = 1. What is
the third approximation 𝑥3?

A.
23
16

B.
31
23

C.
46
31

D.
3
2

10 For 𝑎 > 0, the tangent to the curve 𝑦 = ln 𝑥 at 𝑥 = 𝑎 passes through the origin. What is the
value of 𝑎?

A. 1

B. 𝑒1/2

C. 𝑒

D. 𝑒2
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Section II

60 marks
Attempt Questions 11–14
Allow about 1 hour and 45 minutes for this section

Answer each question in the appropriate writing booklet. Extra writing booklets are available.

For questions in Section II, your responses should include relevant mathematical reasoning and/or
calculations.

Question 11 (15 marks) Use the Question 11 Writing Booklet

(a)
The monic cubic polynomial

𝑃(𝑥) = 𝑥3 + 𝑝𝑥2 + 𝑞𝑥 + 6

has roots 𝛼, 𝛽 and 𝛾, where

𝛼 + 𝛽 = 1 and 𝛼𝛽 = −2.

Find 𝑝 and 𝑞.

2

(b)
Solve, for 𝑥 > 0,

tan−1 𝑥 + tan−1(2𝑥) = 𝜋

4
.

Give your answer in exact form.

2

(c)
A committee of five is chosen from six women and five men. The committee must
contain at least two women and at least two men. One particular woman and one
particular man refuse to serve together on the committee.
How many different committees can be formed?

3

(d)
A random variable 𝑋 has a binomial distribution. It is known that

Pr(𝑋 = 1) = 5 Pr(𝑋 = 0) and Pr(𝑋 = 2) = 2 Pr(𝑋 = 1).

Determine the parameters 𝑛 and 𝑝, and hence find Pr(𝑋 ≥ 4).

3

Question 11 continues on page 8
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Question 11 (continued)

(e)
Evaluate ∫ 1

0

𝑥

1 + 𝑥4 𝑑𝑥.

2

(f)
Solve

2 sin 𝑥 + 2 sin 3𝑥 = cos 𝑥

for 0 ≤ 𝑥 ≤ 2𝜋. Give exact answers, using inverse trigonometric notation where
necessary.

3

End of Question 11
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Question 12 (15 marks) Use the Question 12 Writing Booklet

(a)
Points 𝐴, 𝐵 and 𝐶 have coordinates

𝐴 = (1, 2), 𝐵 = (5,−1), 𝐶 = (𝑘, 4).

If ∠𝐵𝐴𝐶 = 45◦, find 𝑘 .

3

(b)
Use mathematical induction to prove that

48 |
(
72𝑛 − 1

)
for every positive integer 𝑛.

3

(c)
A point 𝑃 = (𝑥, 𝑦) moves along the branch 𝑥𝑦 = 12 in the first quadrant. At an
instant when 𝑥 = 3, the coordinate 𝑥 is increasing at 2 units per second.
Find the rate of change of the distance 𝑂𝑃 at this instant, where 𝑂 is the origin.

3

(d)
How many strings containing exactly five letters A and three letters B can be formed
if no two B’s are adjacent?

2

(e)
For 𝑎 > 0, the tangent to the curve 𝑦 = 𝑒−𝑥 at the point where 𝑥 = 𝑎 meets the
coordinate axes at 𝑃 and 𝑄.
Find the value of 𝑎 for which the area of triangle 𝑂𝑃𝑄 is greatest, and find this
greatest area.

4

End of Question 12
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Question 13 (15 marks) Use the Question 13 Writing Booklet

(a)
Let a and b be vectors satisfying

|a| = 4, |b| = 6, a · b = 12.

Points 𝐴 and 𝐵 have position vectors a and b, respectively. A point 𝑃 lies on the
line segment 𝐴𝐵 and has position vector

p = (1 − 𝑡)a + 𝑡b, 0 ≤ 𝑡 ≤ 1.

(i)
Find ∠𝐴𝑂𝐵, where 𝑂 is the origin.

1

(ii)
Show that

𝑂𝑃2 = 16 − 8𝑡 + 28𝑡2.

2

(iii)
Find the value of 𝑡 for which 𝑂𝑃 is minimised, and find the minimum value
of 𝑂𝑃.

2

(iv)
Show that, at this value of 𝑡, 𝑂𝑃 is perpendicular to 𝐴𝐵.

2

Question 13 continues on page 11
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Question 13 (continued)

(b)
Define

𝑓 (𝑥) = tan 𝑥 − 2𝑥, 0 < 𝑥 <
𝜋

2
.

The equation 𝑓 (𝑥) = 0 has a solution 𝛼 in the interval
(
𝜋
4 ,

𝜋
2
)
.

(i)
Show that 𝛼, the solution of 𝑓 (𝑥) = 0 in

(
𝜋
4 ,

𝜋
2
)
, is unique.

3

(ii)
Starting with 𝑥1 = 1.2, use one iteration of Newton’s method to obtain an
improved approximation to 𝛼. Give your answer correct to three decimal
places.

2

(iii)
Show that

sin 2𝛼 =
4𝛼

1 + 4𝛼2 .

1

(iv)
Hence, or otherwise, evaluate∫ 𝛼

0

1
1 + 4𝑥2 𝑑𝑥

in terms of 𝛼.

2

End of Question 13
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Question 14 (15 marks) Use the Question 14 Writing Booklet

(a)
Let 𝛼, 𝛽 and 𝛾 be the roots of

𝑥3 − 3𝑥 + 1 = 0,

and define
𝑆𝑛 = 𝛼𝑛 + 𝛽𝑛 + 𝛾𝑛 (𝑛 ≥ 0).

(i)
Show that the equation 𝑥3 − 3𝑥 + 1 = 0 has three distinct real roots.

2

(ii)
Find 𝑆1 and 𝑆2.

2

(iii)
Show that, for 𝑛 ≥ 3,

𝑆𝑛 = 3𝑆𝑛−2 − 𝑆𝑛−3.

2

(iv)
Hence find 𝑆6.

2

(v)
Find

1
𝛼
+ 1

𝛽
+ 1
𝛾
.

1

Question 14 continues on page 13
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Question 14 (continued)

(b)
The word MATHEMATICS contains 11 letters, with M, A and T each occurring
twice.

(i)
Find the total number of distinct arrangements of MATHEMATICS.

1

(ii)
Find the number of distinct arrangements in which no two identical letters
are adjacent.

4

(iii)
If an arrangement is chosen uniformly at random, find the probability that
no two identical letters are adjacent.

1

End of paper
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